We measure the length of the Baryon Acoustic Oscillation (BAO) feature, and the expansion rate of the recent Universe, from low-redshift data only, almost model-independently. We make only the following minimal assumptions: homogeneity and isotropy; a metric theory of gravity; a smooth expansion history, and the existence of standard candles (supernovae) and a standard BAO ruler. The rest is determined by the data, which are compilations of recent BAO and Type IA supernova results. Making only these assumptions, we find for the first time that the standard ruler has length 103.9 ± 2.3 h −1 Mpc. The value is a measurement, in contrast to the model-dependent theoretical prediction determined with model parameters set by Planck data (99.3 ± 2.1 h −1 Mpc). The latter assumes ΛCDM, and that the ruler is the sound horizon at radiation drag. Adding passive galaxies as standard clocks or a local Hubble constant measurement allows the absolute BAO scale to be determined (142.8 ± 3.7 Mpc), and in the former case the additional information makes the BAO length determination more precise (101.9 ± 1.9 h −1 Mpc). The inverse curvature radius of the Universe is weakly constrained and consistent with zero, independently of the gravity model, provided it is metric. We find the effective number of relativistic species to be N eff = 3.53 ± 0.32, independent of late-time dark energy or gravity physics.
INTRODUCTION
Standard candles and standard rulers have been instrumental in the development of the cosmological model, with Type IA supernovae being used to establish the acceleration of the Universe, and the sound horizon at decoupling being used in conjunction with Baryon Acoustic Oscillations (BAOs) to constrain early Universe physics (see e.g., [1, 2] ). We can add standard clocks [3, 4] objects whose ages are measured independently of the cosmological model, and which were born so early that scatter in formation time is negligible compared to the age of the Universe. The cosmological importance of the BAO scale is that it is a key theoretical prediction of models, depending on the sound speed and expansion rate of the Universe at early times, before matter and radiation decouple. In combination with lower redshift measurements this can be used to constrain, for example, the number of relativistic species including neutrinos [5] .
The main purpose of this study is to provide a measurement of the BAO scale, which will survive even if ΛCDM does not. It decouples the physics at z 0 from physics at the time when the BAO scale is set (typically z 1000) and allows theoretical models to be confronted with the BAO scale independently of assumptions of properties of conventional dark energy. In variants of the standard model, this means, for example, that our conclusions about the number of neutrino species rely only on the relatively simple matter-and radiation-dominated physics in the pre-radiation drag era. Other models can be very simply tested against the BAO measurement provided only that a theoretical prediction of the scale can be made.
The key link between the standard objects is the Hubble parameter, and its dependence on redshift H(z) = R/R, where R is the scale factor. In this paper, we assume simply the existence of standard objects and an expansion rate, and allow low-redshift data from supernovae and galaxy clustering to constrain weakly the curvature of the Universe, without assuming General Relativity 1 . This procedure recovers the expansion history from redshift 0 to 1.3 to a precision of 2.5% (11%) at z = 0 (1.3) and provides a weak curvature constraint, but most interestingly, measures the BAO scale independently of the cosmological model as r d = 103.9 ± 2.3 h
−1
Mpc (101.9 ± 1.9 h −1 Mpc with clocks). Given the importance of the BAO scale to cosmology, a measurement independent of all but these very mild assumptions is extremely useful.
Optionally adding standard clocks (passive galaxy ages) or local Hubble parameter measurements allows an absolute BAO scale determination (in Mpc), and clocks add some statistical power. We find excellent agreement with the derived quantity of the sound horizon deduced from Planck data [6], which assumes ΛCDM. The main difference with other studies that use similar datasets (e.g. [7] [8] [9] ) is that here we measure the standard ruler length, the expansion history, and the curvature simultaneously, without cosmological model assumptions beyond weak requirements on symmetry and smoothness. The CMB-derived BAO scale is completely different -it is a model-dependent theoretical prediction, to be confronted with the measurement presented here.
THEORY AND ASSUMPTIONS
Assuming the cosmological principle of homogeneity and isotropy, the metric may be written
where symbols have their usual meanings and the scale factor R(t) has the dimensions of length. The form of the metric assumes only symmetry, and not the gravity model, which is needed to determine R(t). S k (r) = sin r, r, sinh r depending on the curvature of the Universe
, where R 0 is the present value of the scale factor, and
where
where κ ≡ c/(R 0 H 0 ) is the inverse curvature radius in units of H 0 /c, and the curvature radius for k = ±1 is k R 0 , and infinite for k = 0. For any metric theory of gravity, the luminosity distance is
If we also assume General Relativity, we can identify κ with the curvature density parameter, through Ω k = kκ 2 . Assuming Type IA supernovae can be made standard candles (with some absolute magnitude, M −19.1 [10] ), their apparent magnitude m determines the distance
For the BAOs (see e.g. [2] ), angle-averaged clustering data determine D V (z)/r d where
r d is the length of a standard ruler. For the measurement, we make no assumptions about its origin, but it is normally interpreted as the sound horizon at the end of radiation drag z d ,
where c s (z) is the sound speed.
We parametrise 2 the cosmology by
, specified at N 6 values equally-spaced in 0 < z < 1.3 and linearly-interpolated. For the supernovae, we allow an offset in the absolute magnitude compared with the standard value, ∆M , so we do not assume their luminosity. Similarly, for BAO measurements, we assume only that there is a standard ruler, parametrised by r d ≡r d h −1 . The parameters are there-
Our main result is based on supernovae and BAOs alone, but we can add clocks, or a gaussian prior on h ≡ h(z = 0) = 0.738 ± 0.024 [11] . For the clocks, we use passive elliptical galaxy ages determined from analysis of stellar populations, and assume that the formation time was sufficiently early that variations in formation time are negligible in comparison with the Hubble time. Differential ages (see [12] 
DATA
Supernovae. We use the compilation [10] of 740 Type IA supernovae binned into 31 redshift intervals between 0 and 1.3, and their covariance matrix. The binning and the central limit theorem motivate a gaussian likelihood.
BAO. The BAO data are measurements of D V /r d , from 6dF (z = 0.106) [13] , WiggleZ (z = 0.44, 0.6 and 0.73) [14, 15] , and BOSS (z = 0.32, 0.57) [16, 17] . We use the covariance matrix in [14] for WiggleZ.
Clocks. We combine measurements of [12, 18, 19] , giving 16 H(z) measurements [20] in 0.1 < z < 1.3.
RESULTS
The posterior probability of the parameters is obtained from the likelihood multiplied optionally by the h prior [11] . We run MCMC chains of 10 7 points, removing a burn-in of 10 6 points, and thinning by a factor 10. A Gelman-Rubin test shows good convergence, with parameter R = 1 + O(10 −4 ). We find no evidence for tension between the three datasets, with the parallel expansion rate H , determined by the t − z relation, being consistent with the supernovae and BAOs with the same H(z). Fig. 1 shows the posteriors forr d and Ω k for supernovae and BAOs (left) and with clocks and a Hubble prior added (centre, right). Fig. 2 shows the derived expansion history. Without a Hubble prior, h is inferred to be 0.68 ± 0.03. In Table I we summarise the marginal posteriors.
DISCUSSION
We have measured the length of the BAO scale and determined the expansion history of the recent Universe in an almost model-independent way, using supernovae and BAO measurements, with and without passive galaxy clocks and a prior on the current value of the Hubble parameter. We assume only homogeneity and isotropy, a metric theory of gravity, a smooth expansion history, and the existence of standard rulers and candles; the rest is determined by the data. Using a compilation of supernova data [10] and Baryon Acoustic Oscillation measurements [13, [15] [16] [17] , we determine for the first time a precise measurement of the standard ruler length r d = 103.9 ± 2.3 h −1 Mpc, and adding clocks shifts the peak and reduces the error slightly, 101.9 ± 1.9 h −1 Mpc. With clocks and a Hubble prior, this can be translated into a physical length, r d = 142.8 ± 3.7 Mpc. This is in excellent agreement with the model-dependent theoretical expectation, with parameters determined from the CMB, for which Planck publicly-available MCMC chains give r d = 99.3 ± 2.1 h −1 Mpc (147.49 ± 0.59 Mpc) for ΛCDM [6] , assuming the ruler is the sound horizon at radiation drag (z 1059). Extending the ΛCDM model to vary the number of relativistic species (e.g., neutrinos) the CMB gives 101.2 ± 2.7 h −1 Mpc (143.53 ± 3.3 Mpc), and allowing also the Helium yield to vary gives 100.4 ± 2.8 h −1 Mpc ( fig. 3 ) (147.25
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Our results are insensitive to how we parametrise the expansion history; setting N = 5 or 7, or interpolating in h, gives the same r d and h(z) to within a very small fraction of the statistical error. The results are fairly insensitive to the inclusion or exclusion of different datasets, with a small (< 2%) decrease in r d if clocks are included in the analysis.
Normally, a cosmological model such as ΛCDM is assumed from the Big Bang to the present day, and data, especially from z 10 9 (nucleosynthesis), z 10 3 (recombination) and z 0 are used to confront the model. This cradle-to-the-grave approach is an attractive application of the scientific method, but by determining the BAO scale independently of the cosmological model, we are able to isolate near-recombination physics from latetime physics. In doing so we avoid parameters (such as N eff ) being pulled away from their correct values by an incorrect model trying to fit the low-redshift data.
If we assume r d is the sound horizon, the low-z measurements limit the scope of new physics to alter the early expansion rate and sound speed -the early Universe physics have to give this BAO length, regardless of what happens at late times. The conclusions are independent of assumptions of late-time physics since the CMB can predict r d independently of late dark energy: odd and even peak heights and Silk damping fix the baryon-to-photon ratio, and the amplitudes of the peaks fix the ratio of matter to radiation density [5] . By importance-sampling the Planck chains that vary the effective number of relativistic species N eff , we obtain N eff = 3.53 ± 0.32, which compares with 3.45 ± 0.36 from ΛCDM + Planck, but our analysis only assumes that the early dynamics are driven by matter and radiation, and late dark energy is irrelevant. Varying the Helium yield changes N eff from 2.84 (fig. 4) . Allowing this variation neatly decouples the z 10 3 physics from the z 10 9 physics as well as from the z 0 physics -very different epochs, so the conclusions are robust both to changes in very early Universe physics and late-time physics. Finally, we note that with precise measurements ofr d , we might hope to detect evolving late-time distortions in the observed ruler length due to redshift distortions and nonlinear effects. However, including a linear gradient of r d with redshift gives a null result of 0 ± 8 Mpc/(unit z), but this may be an interesting future investigation.
